A simple semi-theoretical method for calculating two-phase frictional pressure gradient in horizontal pipes using asymptotic analysis is presented. Two-phase frictional pressure gradient is expressed in terms of the asymptotic single-phase frictional pressure gradients for liquid and gas flowing alone. The proposed model uses an asymptotic correlation method to develop a robust compact model. The proposed model can be transformed into either a two-phase frictional multiplier for liquid flowing alone (φ l 2 ) or two-phase frictional multiplier for gas flowing alone (φ g 2 ) as a function of the Lockhart-Martinelli parameter, X. Single phase friction factors are calculated using the Churchill model which allows for prediction over the full range of laminar-transition-turbulent regions and to allow for pipe roughness effects. The proposed model is compared against published data for a number of pipe diameters. Effect of mass flux on two-phase frictional pressure gradient is also investigated. Comparison with other existing correlations for two-phase frictional pressure gradient such as the Chisholm correlation, the Friedel correlation, and the Müller-Steinhagen and Heck correlation, is also presented Comparison with other existing correlations and experimental data for both φ l and φ g versus X is also presented 
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NOMENCLATURE

INTRODUCTION
The pressure drop in two-phase gas-liquid flow is an important design parameter in many engineering applications. Due to its importance, numerous investigations on this topic can be found in the literature. Examples of engineering applications include: chemical industry, nuclear industry, petroleum industry, refrigeration and air-conditioning applications, and space station applications.
Total pressure drop for two-phase flow in pipes consists of frictional, acceleration, and gravitational components. It is necessary to know the void fraction (the ratio of gas flow area to total flow area) to compute the acceleration, and gravitational components. To compute the frictional component of pressure drop, either the two-phase friction factor or the twophase frictional multiplier must be known [1] .
The research on pressure drop in two-phase flow began in the 1940's. Since then, pressure drop and holdup data have been collected for horizontal, vertical, and inclined gas-liquid systems. From the pressure drop and holdup data, many attempts have been made to develop general procedures for predicting these quantities.
There are two principal types of frictional pressure drop models in two phase flow: the homogeneous model and the separated model. In the first, both liquid and vapor phases move at the same velocity (slip ratio = 1). Consequently, the homogeneous model has also been called the zero slip model. The homogeneous model considers the two-phase flow as a single-phase flow having average fluid properties depending on mass quality. Thus, the frictional pressure drop is calculated by assuming a constant friction coefficient between the inlet and outlet sections of the pipe. In the second, two-phase flow is considered to be divided into liquid and vapor streams. Hence, the separated model has been referred to as the slip flow model. The separated model was originated from the classical work of Lockhart and Martinelli [2] that was followed by Martinelli and Nelson [3] . The Lockhart-Martinelli method is one of the simplest procedures for calculating two-phase frictional pressure drop and hold up. One of the biggest advantages of the Lockhart-Martinelli method is that it can be used for all flow patterns. However, relatively low accuracy must be accepted for this flexibility. The separated model is popular in the power plant industry. Also, the separated model is relevant for the prediction of pressure drop in heat pump systems and evaporators in refrigeration. The success of the separated model is due to the basic assumptions in the model which are closely met by the flow patterns observed in the major portion of the evaporators.
The basic procedure used in predicting the frictional pressure drop in two-phase flow is developing a general correlation based on statistical evaluation of the data. The main disadvantage of this procedure is the difficulty in deciding on a method of properly weighing the fit in each flow pattern. For example, it is difficult to decide whether a correlation giving a poor fit with stratified flow and a good fit with annular flow is a better correlation than one giving a fair fit for both kinds of flow. Although the researchers deal with two-phase flow problems still continue to use general correlations, alternate procedures must be developed to improve the ability to predict the frictional pressure drop. In addition, correlations fitted to data banks that contain measurements with a number of liquidgas combinations for different flow conditions and pipe diameters often have the disadvantage of containing a large number of constants and of being inconvenient in use. The correlation developed by Bandel [4] is an example of this type of correlations.
It is clear that in spite of the considerable progress made to predict the frictional pressure drop experimentally and theoretically [5] [6] [7] , a need still exists for accurate, convenient, and rapid estimation procedures.
In the present study, a simple asymptotic compact model for two-phase frictional pressure gradient in horizontal pipes is presented. Two-phase frictional pressure gradient is expressed in terms of the asymptotic single-phase frictional pressure gradients for liquid and gas flowing alone. Asymptotes appear in many engineering problems such as steady and unsteady internal and external conduction, free and forced internal and external convection, fluid flow and mass transfer. Often, there exists a smooth transition between two asymptotic solutions [8] [9] [10] [11] . This smooth transition indicates that there is no sudden change in slope and no discontinuity within the transition region.
The asymptotic analysis method was first introduced by Churchill and Usagi [8] in 1972. After this time, this method of combining asymptotic solutions proved quite successful in developing models in many applications like predicting forced convection from flat plates and in circular ducts for a wide range of Prandtl numbers [12, 13] , natural convection [14] , transient conduction from isothermal convex bodies [15] , pressure drop in channels containing periodic cuboid shaped obstructions [16] , and fluid friction and heat transfer in low Reynolds number flow for singly and doubly connected cross section tubes, pipes and ducts [17] [18] [19] [20] [21] .
LITERATURE REVIEW
Martinelli and Nelson [3] presented a tentative method for the calculation of the pressure drop during forced circulation boiling of water. Their method was based upon the application of pressure drop data, obtained during the isothermal flow of air and different liquids, to the calculation of local pressure gradients during forced circulation boiling. They assumed that the flow regime would always be 'turbulent-turbulent' since any normal forced circulation boiler design for all practical purposes would involve this flow mechanism only. Also, they assumed that the static pressure drop of the liquid phase was the same as that of the vapor phase. Because of the nature of this assumption, their model would be better suited to annular flow. During the isothermal flow in a horizontal pipe, the frictional pressure drop only was obtained, since no change in the acceleration pressure drop took place. Therefore, the extension of the isothermal data to the case of forced circulation boiling gave the frictional pressure drop. They developed a correlation for calculating φ lo 2 . They defined a two-phase frictional multiplier for total flow, which assumed liquid only in the pipe (φ lo 2 ) as follows:
The Martinelli-Nelson correlation was empirical. They presented their correlation in a graphic manner. On the horizontal axis, the independent parameter was the mass quality (x). On the vertical axis, the dependent parameter was the ratio of two-phase frictional pressure drop to all-liquid frictional pressure drop (φ lo 2 ). When the flow was all liquid, x was equal to 0, and φ lo 2 was equal to 1. When the flow was all gas, x was equal to 1, and φ lo 2 was equal to ∆p f,g /∆p f,lo , so the pressure drop was equal to ∆p f,g . On the grid, they plotted a family of curves for pressures from 100 psia (6.89 bar) to 3 206 psia (221.2 bar) (the critical pressure). They found that φ lo 2 decreased by increasing pressure at a given x, and reached 1 at the critical pressure. From these curves, the frictional pressure drop during forced circulation boiling could be estimated quickly once the exit mass quality, the boiling pressure, and the pressure drop for 100% liquid were known. They compared the predicted pressure drop with the measured pressure drop for the pressure range from 18 to 3 000 psia and for the exit mass quality range from 4 to 100%. The comparison indicated that the method had promise. However, this method was based upon a meager amount of data. So, further experimental verification before this method could be considered valid.
Lockhart and Martinelli [2] presented data for the simultaneous flow of air and liquids including benzene, kerosene, water, and different types of oils in pipes varying in diameter from 0.0586 in. to 1.017 in. They developed their method for pressures from atmospheric to 50 psi. There were four types of isothermal two-phase, two-component flow. In the first type, flow of both the liquid and the gas were turbulent. In the second type, flow of the liquid was laminar and flow of the gas was turbulent. In the third type, flow of the liquid was turbulent and flow of the gas was laminar. In the fourth type, flow of both the liquid and the gas were laminar. They correlated the pressure drop resulting from these different flow mechanisms by means of the Lockhart-Martinelli parameter (X). The Lockhart-Martinelli parameter (X) was defined as:
In addition, they expressed the two-phase frictional pressure gradient in terms of factors, which multiplied single-phase gradients. These multipliers were given by:
) dz / dp ( ) dz / dp ( = φ (4) They presented the relationship of φ l and φ g to X in graphical forms. They proposed tentative criteria for the transition of the flow from one type to another. They correlated the percent of pipe filled with liquid under any flow conditions for all four-flow types by means of the Lockhart-Martinelli parameter (X). Although the Lockhart-Martinelli correlation related to the adiabatic flow of low pressure air-liquid mixtures, they purposely presented the information in a generalized form to enable the application of the model to single component systems, and, in particular, to steam-water mixtures. Their empirical correlations were shown to be as reliable as any annular flow pressure drop correlation [22] . The disadvantage of this method was its limit to small-diameter pipes and low pressures because many applications of two-phase flow fell beyond these limits.
Thom [23] gave a simplified scheme for the calculation of pressure drop during forced circulation of a two-phase mixture of boiling water and steam. His method followed that proposed by Martinelli and Nelson [3] , which had been extended to include the gravitational term in vertical evaporating tubes. He assumed that water entering the tube was at saturation temperature. Thus evaporation, with net generation of steam, started at once. He gave curves from which frictional, acceleration, and gravitational losses could be estimated provided the outlet mass quality had been calculated from a heat balance. He based these curves directly on the experimental results of the boiler circulation research sponsored at the University of Cambridge by the Water-Tube Boilermakers' Association. He compared his calculated values with the later data of Haywood et al. [24] for a vertical tube. The deviation for the comparison was 10%.
Baroczy [25] described a systematic correlation for the prediction of two-phase friction pressure drop for both single component flow and two-component flow. The correlation considered fluid properties, mixture mass quality, and mass flux. The correlation was based on data for steam, water-air, and mercury-nitrogen for a wide range of mass quality, and mass flux. He called liquid to gas viscosity and density ratio
as the property index. The property index had the advantage of not requiring knowledge of the critical pressure and temperature in order to establish the property ratios at the critical point, where they had a value of 1. By similar reasoning, it could be used to establish the analogous condition for two-phase, two-component flow, that was, equal viscosity and density for each phase. Thus, the physical properties of single and two-component, two-phase fluids could be described on the common basis. The two-phase frictional multiplier for total flow assumed liquid in the pipe (φ lo 2 ) was shown to be a function of property index, mixture mass quality, and mass flux. He varied the property index from critical pressure to five decades below. He varied the mixture mass quality from 0.1 to 100%. He varied the mass flux from 0.25x10 6 to 3x10 6 Ib/ft 2 .hr. He showed that the reciprocal of the property index was (dp/dz) f,go /(dp/dz) f,lo (i.e. φ lo 2 /φ go 2 ), or the ratio of the frictional pressure drop for total flow assumed gas in the pipe to the frictional pressure drop for total flow assumed liquid in the pipe when each phase flowing alone at the total rate flow was turbulent. He compared the correlation with additional data for water-air, steam, sodium potassiumnitrogen, kerosene-air, diesel oil-air, and potassium. The comparison showed good agreement. This correlation had the disadvantage of being graphic in nature.
Wallis [6] assumed turbulent flow in a smooth pipe (Re > 2 000). He represented the friction factor empirically by the Blasius equation with n = 0.25. He used the homogeneous model to calculate both the density and the viscosity. His correlation was:
The above multiplier could be evaluated for any x, temperature, and pressure condition for that density and viscosity data are available. He presented some calculated values for steam-water flows in a table. His table showed that φ lo 2 decreased with increasing pressure at a given x and had a value of 1 at the critical point. He found that his method worked quite well for dispersed phase flows (bubbly flows) but tended to underpredict the pressure drop for separated flows. The Martinelli-Nelson correlation tended to be better for separated flows. This was perhaps to be expected since the Wallis correlation based on the homogeneous model assumed a fully dispersed flow while the Martinelli-Nelson correlation was based on a separated (annular) flow concept.
Turner [26] developed the separate-cylinders model of twophase flow. He assumed that the two phases were to flow independently of each other in two horizontal separate parallel circular cylinders and that the areas of the cross sections of these cylinders added up to the actual pipe. The frictional pressure gradient in each of the imagined cylinders was the same as in the actual flow and was calculated from single-phase flow theory. The separate-cylinders model formulation resembled Lockhart and Martinelli correlation [2] but had the advantage that it could be pursued to an analytical conclusion whereas Martinelli was content with a correlation. The results of his analysis were
where n = 2 for laminar flow, 2.375 to 2.5 for turbulent flows analyzed on a basis of friction factor, and 2.5 to 3.5 for turbulent flows calculated on a mixing-length basis. Equation (6) with n = 3.5 gave a reasonable correlation for all flow regimes while n = 4 gave a better correlation for the turbulentturbulent regime.
Chisholm [27] developed equations in terms of the Lockhart-Martinelli correlating groups for the friction pressure gradient during the flow of gas-liquid or vapor-liquid mixtures in pipes. His theoretical development was different from previous treatments in the method of allowing for the interfacial shear force between the phases. Also, he avoided some of the anomalies occurring in previous "lumped flow". He gave simplified equations for use in engineering design. His equations were:
The values of C were dependent on whether the liquid and gas phases were laminar or turbulent flow. The values of C were restricted to mixtures with gas-liquid density ratios corresponding to air-water mixtures at atmospheric pressure.
The different values of C were given in the Table 1 . Powley [28] tried to predict Martinelli's correlation from the homogeneous theory. He obtained the expressions of φ l and φ g in terms of the Lockhart-Martinelli parameter (X) similar to Chisholm's expressions, but C was defined as
Chisholm [29] defined a physical property coefficient (Γ):
The Lockhart-Martinelli parameter (X) was related to the physical property coefficient (Γ) for turbulent flow in smooth tubes as
Chisholm [30] showed that his previous equation for predicting the friction pressure gradient during two-phase flow, Eq. (7), was an unsatisfactory form for use with evaporating flows as (dp/dz) f,l , in that case, varied along the flow path. That equation could be transformed with sufficient accuracy for engineering purposes to 
There was evidence that the Baroczy correlation might underestimate the prediction of friction in certain situations, and for this reason, the values of B in Table 2 were recommended (also depending on the mass flux (G)). 
He made the exponent of the term (µ g /µ l ) large enough so that this term would be small for the data used in his analysis.
Friedel [32] proposed a method in terms of the multiplier (φ lo 2 ). He developed his correlation and fit it with 25 000 data points. The smallest pipe diameter in the Friedel database was 4 mm. His correlation included both the gravity effect by Froude number (Fr), and the effect of surface tension and the total mass flux by Weber number (We). His correlation was We Fr 
His correlation was for vertical upward flow and horizontal flow. He made comparisons between the data and the predictions of his correlation. The Friedel correlation had shown very good results in predicting two-phase frictional multiplier (φ lo 2 ) for smooth pipes with d > 7 mm and does not predict the friction two-phase pressure drops in small diameter pipes accurately, especially for high-reduced pressure. The standard deviation was around 30% for single component flows, and about 40-50% for two-component flows.
Whalley [33] recommended with respect to the previous published correlations that the Friedel correlation should be used for µ l /µ g < 1 000.
Müller-Steinhagen, and Heck [34] suggested a new correlation for the prediction of frictional pressure gradient in two-phase flow in pipes. Their correlation had an advantage that it was simpler and more convenient to use than other methods. They wrote an equation for the roughly linear increase of the pressure gradient with increasing mass quality (for x <0.7) as:
x dz dp dz dp 2 dz dp J
In order to cover the full range of mass quality (0< x <1), they used the method of superposition (at x = 1, (dp/dz) f = (dp/dz) f,go ). Their correlation was
It was obvious that their correlation related the frictional pressure gradient in two-phase flow (dp/dz) f to the frictional pressure gradient for the total flow assumed liquid in the pipe (dp/dz) f,lo , the frictional pressure gradient for the total flow assumed gas in the pipe (dp/dz) f,go , and the mass quality (x). To determine their reliabilities, they checked their correlation and 14 correlations from the literature against a data bank containing 9 313 measurements of frictional pressure gradient for different fluids, different pipe diameters (between 4 and 352 mm), and different flow conditions (horizontal flow, vertical upwards flow, and vertical downwards flow). The data bank contained only measurements where the frictional pressure gradient (dp/dz) f was greater than 20 Pa/m to avoid uncertainties due to the scatter of data. To check the performance of correlations, the distribution of influencing parameters (mass flux, mass quality, pipe diameter, density ratio, viscosity ratio, and surface tension) in a data bank should be as homogeneous as possible. They found that the best agreement between predicted and measured values was obtained using the correlation suggested by Bandel [4] .
Awad, and Muzychka [35] took into account the effect of the mass flux on φ lo 2 by introducing the Churchill model to define the Fanning friction factor. This was a modification of the Wallis method [6] . It overcame the main disadvantage in the Wallis method that φ lo 2 was independent on the mass flux (i.e. both small and large mass fluxes gave the same results). The Wallis method made a discrepancy with many investigators who had found that φ lo 2 was indeed a function of mass flux, among other things. In addition, comparison with other existing correlations for calculating φ lo 2 such as the Wallis correlation based on the homogeneous model without mass effect on φ lo 2 , the Martinelli-Nelson correlation, the Chisholm correlation, and the Friedel correlation was presented.
Comparison with results from other experimental test facilities for calculating φ lo 2 was also presented.
ASYMPTOTIC MODEL DEVELOPMENT
In the asymptotic model, the dependent parameter y has two asymptotes. The first asymptote is y 0 , which corresponds to very small value of the independent parameter z. The second asymptote is y ∞ , which corresponds to very large value of the independent parameter z. The two asymptotes y 0 and y ∞ can be expressed as follows [8] [9] [10] [11] : (27) The two asymptotes y 0 and y ∞ are based on analytical solution. They consist of a constant, which has a positive real value. The two constants are called c 0 as z→0 and c ∞ as z→∞. The values of the two exponents i and j are often 0,1,1/2,1/4,1/3 [8] [9] [10] [11] .
From analytical, experimental, or numerical methods, it is known that y frequently transitions in a smooth manner between the two asymptotes y 0 and y ∞ .
For the case of two-phase frictional pressure gradient in horizontal pipes, the two asymptotes y 0 and y ∞ increase with increasing values of z, and the solution y is concave upwards. This trend is also found in the case of external free and forced convection from single isothermal convex bodies.
Simple Compact Models
Since y 0 > y ∞ as z→0, so the solution y is concave upwards, and the two asymptotes y 0 and y ∞ can be combined in the following method [8] [9] [10] [11] :
The parameter p is a fitting or "blending" parameter whose value can be determined in a simple method. The effect of the parameter p in Eq. (28) is only important in the transition region. The results for small and large values of the independent parameter z, remain unchanged with changing the parameter p.
To determine a value of p, there are a number of methods as discussed by Churchill and Usagi [8] . For example, we can select an intermediate value of z = z int corresponding or near to the intersection of the two asymptotes for which y(z int ) is known from analytical, experimental, or numerical methods. Using Eqs. (26)- (28) 
For groups of data, the root mean square (RMS) error, e RMS , is defined as:
If p is a weak function of the mass flow rate, or mass flux of either the liquid phase or the gas phase, a single value may be chosen which best represents all of the available data for twophase frictional pressure gradient.
Alternative Form of Simple Compact Models
The approximate solution y is often presented in a form, which is based on one of the two asymptotes y 0 and y ∞ . For example, if the approximate solution y is presented in terms of the asymptote y 0 , then the model can be expressed as follows [8] [9] [10] [11] :
On the other hand, if the approximate solution y is presented in terms of the asymptote y ∞ , then the model can be expressed as follows [8] [9] [10] [11] :
Simple Model for Two-Phase Frictional Pressure Gradient
Using the asymptotic analysis method, two-phase frictional pressure gradient (dp/dz) f can be expressed in terms of twophase frictional pressure gradient for liquid flowing alone (dp/dz) f,l and two-phase frictional pressure gradient for gas flowing alone (dp/dz) f,g as follows:
dz dp dz dp dz dp
Equation (34) is similar to the separate-cylinders model formulation [26] . If the two-phase frictional pressure gradient (dp/dz) f is presented in terms of the two-phase frictional pressure gradient for liquid flowing alone (dp/dz) f,l , then the model can be expressed using the Lockhart-Martinelli parameter (X) as follows:
Equation (35) can be expressed in terms of two-phase frictional multiplier for liquid flowing alone in the pipe (φ l 2 ) as follows:
On the other hand, if the two-phase frictional pressure gradient (dp/dz) f is presented in terms of the two-phase frictional pressure gradient for gas flowing alone (dp/dz) f,g , then the model can be expressed using the Lockhart-Martinelli parameter (X) as follows:
X 1 dz dp dz dp
Equation (37) can be expressed in terms of two-phase frictional multiplier for gas flowing alone in the pipe (φ g 2 ) as follows:
Two-Phase Frictional Pressure Gradient Equations
The two-phase frictional pressure gradient can be related to the Fanning friction factor in terms of mass flow rate of both the liquid phase and the gas phase as follows:
The Reynolds number equations can be expressed in terms of mass flow rate of both the liquid phase and the gas phase as: 
Equations (49) and (50) can be written in terms of mass flux and mass quality as follows:
RESULTS AND DISCUSSION
Examples of two-phase frictional pressure gradient in horizontal pipes from other experimental work are presented to show features of the asymptotes, asymptotic analysis and the development of simple compact models. The published data include different pipe diameters. This method is applied using Maple TM Release 9 software [36] . Digitizeit software program [39] is used to capture data from old figures. Figure 1 .s respectively. It can be seen that the frictional pressure gradient increases with increasing mass flux at a given mass quality. For example, at a mass quality of 80%, increasing the mass flux from 500 to 1 000 kg/m 2 .s increases the frictional pressure gradient from 23 947.07 to 84 783.42 Pa/m. It is observed that the two-phase frictional pressure gradient for x ≅ 0 is nearly identical to single-phase liquid frictional pressure gradient. Also, the two-phase frictional pressure gradient for x ≅ 1 is nearly identical to single-phase gas frictional pressure gradient. Figure 7 shows φ l and φ g versus Lockhart-Martinelli parameter (X) for turbulent-turbulent flow using the present model and the data of Govier and Omer [41] for air-water mixtures in a smooth horizontal pipe of 1.026 in (26.0604 mm) i. d. Equations (36) and (38) 
Comparison of the Present Model with Data
SUMMARY AND CONCLUSIONS
A simple semi-theoretical method for calculating two-phase frictional pressure gradient in horizontal pipes using asymptotic analysis is presented. Two-phase frictional pressure gradient is expressed in terms of the asymptotic single-phase frictional pressure gradients for liquid and gas flowing alone. The proposed model can be transformed into either a two-phase frictional multiplier for liquid flowing alone (φ l 2 ) or two-phase frictional multiplier for gas flowing alone (φ g 2 ) as a function of the Lockhart-Martinelli parameter, X. The Churchill model is used for the Fanning friction factor to calculate single phase friction factors over the full range of laminar-transitionturbulent regions and to allow for pipe roughness effects. The proposed model is compared against published data for different pipe diameters. Effect of mass flux on two-phase frictional pressure gradient is also investigated. Comparison with other existing correlations for two-phase frictional pressure gradient such as the Chisholm correlation, the Friedel correlation, and the Müller-Steinhagen and Heck correlation, is also presented ¡ Comparison with other existing correlations and experimental data for both φ l and φ g versus X is also presented ¡ The following conclusions can be drawn based upon the present study:
1. The present model is very successful in representing the twophase frictional pressure gradient in horizontal pipes for published data of different pipe diameters.
2. In the present model, the two-phase frictional pressure gradient for x ≅ 0 is nearly identical to single-phase liquid frictional pressure gradient. Also, the two-phase frictional pressure gradient for x ≅ 1 is nearly identical to single-phase gas frictional pressure gradient.
3. The Friedel correlation shows better agreement with the present model than the other correlations at low mass flux, while the Müller-Steinhagen and Heck correlation shows better agreement with the present model than the other correlations at high mass flux.
4.
Comparison with other existing correlations and experimental data for both φ l and φ g versus X shows good agreement with the present model.
